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ON TOP DIMENSIONAL LYUBEZNIK NUMBERS IN MIXED
CHARACTERISTIC
AXEL STÄBLER
Abstract. We prove that the top mixed characteristic Lyubeznik number of
a ring S that is a quotient of a complete unramified regular local ring of mixed
characteristc with algebraically closed residue field is 1 provided that depthS ≥
2 and dimS ≥ 3 using a second vanishing theorem in mixed characteristic
proved in [HNBPW16].
Introduction
Given a local ring S of mixed characteristic with residue field k admitting a
surjection of an n-dimensional unramified regular local ring R with same residue
field k and with kernel I one can associated to S the so-called Lyubeznik numbers
λ˜i,j(S) = dimk Exti(k,Hn−jI (R)). As was shown in [NBW13] this does not depend
on the choice of R.
In this short note we point out how one can use a mixed characteristic version of
the second vanishing theorem of local cohomology proved in [HNBPW16] to show
that the top mixed characteristic Lyubeznik number of a ring S of dim ≥ 3 and
depthS ≥ 2 admitting a presentation by a complete regular local ring with alge-
braically closed residue field is 1. Our reasoning essentially follows the arguments of
Kawasaki ([Kaw02]) who treated the case that the ring contains a field. The idea is
to study the Grothendieck spectral sequence Ei,d−j2 = Exti(R/m, H
d−j
I (R)), where
d = dimR. If the ring contains a field a lot of the E2-terms vanish. In mixed char-
acteristic one can still prove that the terms Ei,jr with i+j = dimR vanish except for
i = dimR/I so that the highest Lyubeznik number λ˜n,n = Extn(R/m, Hd−nI (R) =
Extd(R/m, R) = k, where n = dimR/I.
This answers in particular [NBW13, Question 5.4] under the additional assump-
tion that the ring has dimension ≥ 3.
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1. The result
We will use throughout the fact that, if R is a catenary noetherian ring and I
is an ideal such that R/I is (S2) then R/I is equidimensional (see [Har62, Remark
2.4.1]).
We first prove a well-known corollary to the Hartshorne-Lichtenbaum Vanishing
theorem (see also [Kaw02, Lemma 5]).
1.1. Corollary. Let R be a complete regular local ring of dimension d, I an ideal
such that R/I satisfies (S2), then dimSuppHjI (R) ≤ d− 1− j for j > ht I.
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Proof. Let P ∈ SuppHjI (R), that is HjIRP (RP ) 6= 0. In particular, we must
have I ⊆ P . Hartshorne-Lichtenbaum Vanishing implies that j < dimRP if
dimRP /IRP ≥ 1. The latter condition is satisfied whenever P is not a minimal
prime of I.
If P is a minimal prime thenHjIRP (RP ) = 0 for j > ht I = htP by Grothendieck’s
vanishing theorem.
Since R is a catenary integral domain we have dimR/P = dimR − dimRP .
Using the above inequality we conclude that dimR/P ≤ dimR − j − 1. Since
SuppHjI (R) =
⋃
N⊆Hj
I
(R) SuppN , where the union runs over all coherent submod-
ules of HjI (R) we conclude that dimSuppH
j
I (R) ≤ dimR− j − 1. 
Crucial for the application is the following refinement.
1.2. Corollary. Let R be a complete unramifed regular local ring of mixed charac-
teristic with algebraically closed residue field of dimension d, I an ideal such that
depthR/I ≥ 2 and dimR/I ≥ 3, then dimSuppHjI (R) ≤ d− 2− j for j > ht I.
Proof. Note that by [Har62, Corollary 2.4] the punctured spectrum of R/I is con-
nected. Since dimR/I ≥ 3 [HNBPW16, Theorem 3.8] applies and we have that
Hd−1I (R) = 0. Now one can proceed as in the proof of the previous Corollary to
obtain the improved bound. 
1.3. Corollary. Let R be an unramified complete regular local ring of mixed char-
acteristic of dimension d with algebraically closed residue field, I an ideal such that
dimR/I ≥ 3 and depthR/I ≥ 2. Then inj.dimHjI (R) ≤ d− 1− j for j > ht I.
Proof. Combine the inequality inj.dimHjI (R) ≤ dimSuppHjI (R) + 1 from [Zho98,
Theorem 5.1] with Corollary 1.2 above. 
We come to the main result of this note
1.4. Theorem. Let (R,m, k) be complete regular unramified local ring of mixed
characteristic with algebraically closed residue field of dimension n. Let S = R/I be
a local noetherian ring of mixed characteristic with d = dimS ≥ 3 and depthS ≥ 2.
Then there is a spectral sequence
Ep,q2 = Extp(R/m, H
q
I (R)) =⇒ Extp+q(R/m, R).
Moreover, Ep,qr = 0 for p+ q = n, p 6= d and all r ≥ 2. In particular, λ˜d,d = 1.
Proof. Since HiI is right-adjoint to the forgetful functor it preserves injectives.
Hence, we can form the Grothendieck spectral sequence ExtpR(R/m, H
q
I (R)) =⇒
Extp+qR (R/m, R).
Provided that q > ht I = n− d we have inj.dimHqI (R) ≤ n− 1− q by Corollary
1.3 above. Hence, Ep,qr = 0 for all r ≥ 2, p ≥ n − q and q > n − d. From now
on we assume that p + q = n. Then by the previous observation Ep,qr = 0 for all
q > n − d and all r ≥ 2. Moreover, by [NBW13, Proposition 3.12 (i)] we have
Ep,qr = 0 for q < n − d. Hence, only the term Ed,n−dr is possibly non-zero. This
allows us to conclude that Ep,qr = Ep,q∞ . Since we have only one non-zero term
in total degree n the filtration obtained by convergence degerenates and we may
conclude that Ed,n−d2 = Extn(R/m, R). But Extn(R/m, R) = R/m as can be seen
from the Koszul complex. We conclude that λ˜d,d = 1. 
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